
Chapter 5 

Weak and Weak* Topologies 

5.1 T h e Weak Topology 

In this chapter, we will study topologies on Banach spaces which are 
weaker (i.e. coarser) than the norm topology. 

Definition 5.1.1 Let V be a Banach space. The weak topology on 
V is the coarsest (i.e. smallest) topology such that every element ofV* 
is continuous. Open (respectively, closed) sets in the weak topology will 
be called weakly open (respectively, weakly closed) sets. 

We have already encountered the notion of the weak topology on a 
given set such that a family of functions is continuous (cf. Definition 
1.2.10). The weakly open sets are precisely the class of all arbitrary 
unions of finite intersections of sets of the form where G V* 
and U is an open set in (or C, in the case of complex Banach spaces). 

A basic neighbourhood system for the weak topology is, therefore, 
the collection of sets of the form 

where is a finite indexing set and V* for all 
The set U described above forms a weakly open neighbourhood of the 
point (cf. the discussion following Definition 1.2.10). 

Proposition 5.1.1 The weak topology is Hausdorff. 

Proof: Let x and y be distinct points in V. Then, since V* sepa
rates points in V (cf. Remark 3.1.1), there exists G V* such that 

Choose disjoint open neighbourhoods U of f(x) and V 
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of f(y). Then and axe disjoint weakly open neighbour
hoods of x and y respectively. This completes the proof. • 

Notation: Given a sequence in V, we write if the 
sequence converges to in the norm topology, i.e. if 
as . If the sequence converges to x in the weak topology, we write 

Proposition 5.1.2 Let V be a Banach space and let be a sequence 
in V. 
(i) x inV if, and only if, for all f € V*. 
(ii) If in V, then 
(iii) If inV, then is bounded and 

(iv) If inV and V*, then 

Proof: (i) This is a direct consequence of the definition of the weak 
topology. 

(ii) Let / € V* be an arbitrary element. Then 

The result now follows from (i). 

(iii) This follows from (i) and the Banach-Steinhaus theorem (cf. Corol
lary 4.2.2 applied to the sequence in V**). 

(iv) We have 

The first term on the right-hand side tends to zero since is bounded 
(by (iii)) and The second term also tends to zero (by (i)). 
This completes the proof. 

Example 5.1.1 Consider the space of all square summable real se
quences. We can identify with (cf. Example 3.1.1). Consider the 
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sequence (cf. Example 3.1.1). If with 
we have that 

for all m. Thus, while norm convergence implies weak convergence, 
nothing can be said about the reverse implication. 

We can similarly prove that for all , the sequence {en} 
converges weakly to zero in £p. 

Proposition 5.1.3 If V is a finite dimensional space, then the norm 
and weak topologies coincide. 

Proof: Since the weak topology is coarser than the norm topology, 
every weakly open set is also open in the norm topology. We thus have 
to prove the converse. Let U be open in the norm topology and let 

There exists r > 0 such that the open ball C U. Let 
dim( V) = n and let be a basis for V such that, without loss 
of generality, for all If , then 
and define fi to be the i-th coordinate projection, i.e. fi(x) = Xj. Then 

Then W is a weakly open neighbourhood of XQ and it is clear from the 
above computations that W C B(xo;r) C U. Thus U is open in the 
weak topology as well and this completes the proof. 

Thus, in a finite dimensional space the weak and norm open (respec~ 
tively, closed) sets are the same. However, in infinite dimensional spaces, 
the weak topology is strictly coarser than the norm topology. We will 
presently see examples of norm closed (respectively, open) sets which are 
not closed (respectively, open) in the weak topology (cf. Examples 5.1.2 
and 5.1.3 below). However, for convex sets, the situation is different. 

Define 

which tends to zero since Thus, the sequence {en} con
verges weakly to 0 in Notice that this sequence has no subsequence 
which converges in the norm topology since 
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Proposition 5.1.4 Let C be a convex and (norm) closed subset of a 
Banach space V. Then C is also weakly closed. (The converse is always 
true, even without the convexity hypothesis). 

Proof: We will assume that V is a real Banach space, for simplicity. 
Let C be a closed and convex set in V and let C. Then, by 
the Hahn-Banach theorem, there exists and such that 
f{x0) < a < f(x) for all x 6 C. Then the set 

is a weakly open neighbourhood of which does not meet C. Thus the 
complement of C is weakly open and so C is weakly closed. 

Definition 5.1.2 Let X be a topological space and let be a 
given function. We say that f is lower semi-continuous if, for every 

the set 

is closed in X. 

Clearly, every continuous map is lower semi-continuous. If 
in X, and if is lower semi-continuous, then 

(5.1.1) 

For, if then, given any , there exists a 
subsequence such that for all k. Since 

is closed, it follows that and since was arbitrarily 
chosen, (5.1.1) follows. 

Corollary 5.1.1 Let V be a Banach space and let be convex 
and lower semi-continuous (with respect to the norm topology). Then 

is also lower semi-continuous with respect to the weak topology. In 
particular, the map being continuous, is also lower semi-
continuous with respect to the weak topology and, if in V, we 
have 

(5.1.2) 

Proof: For every the set is closed (in the norm 
topology) and is convex. Hence it is weakly closed. This completes the 
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proof. 

Notation: Let V be Banach space. We will use the following notations. 

(open unit ball). 
(closed unit ball). 
(unit sphere). 

Example 5.1.2 Let V be an infinite dimensional Banach space. Let S 
be the unit sphere in V. Then S is never weakly closed, though it is 
closed in the norm topology. To see this, let such that 
Consider any weakly open neighbourhood U of of the form 

where and for 1 < i < n. Consider the map 
defined by 

This map cannot be injective (otherwise, we will have dim( V) < n, which 
is a contradiction). Thus, there exists such that for 
all 1 < i < n. Then for all Set 
Then while as Hence, there exists to 
such that g(to) = 1. Thus, We have thus proved that 
every weakly open neighbourhood of every point in the open unit ball, 
D, intersects the unit sphere, S. Hence the closed unit ball, B, must 
lie in the weak closure of S. But B being closed (in the norm topol
ogy) and convex, is itself weakly closed. Thus the weak closure of the 
unit sphere, S, is the closed unit ball, B. Thus, S is not weakly closed. 

Example 5.1.3 Let V be an infinite dimensional Banach space. Then 
the open unit ball D is not weakly open. As seen in the preceding ex
ample, every weakly open neighbourhood of a point contains 
an affine subspace of the form where is chosen as 
before. Thus D cannot contain a weakly open neighbourhood of any of 
its points and hence D cannot be weakly open. 

Thus, in an infinite dimensional Banach space, the weak topology is 
strictly coarser than the norm topology. 

Proposition 5.1.5 (Schur's Lemma) In the space a sequence is 
convergent in the weak topology if, and only if, it converges in the norm 
topology. 
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Proof: By Proposition 5.1.2, every sequence which converges in norm, 
also converges weakly. Conversely, let {xn} be a weakly convergent 
sequence. Without loss of generality, assume that Let 

Consider the functional which is the projection to the i-th coordi
nate. Then, since the sequence weakly converges to zero, it follows that 

i.e. 

for very positive integer i. Assume, if possible, that {xn} does not 
converge to zero in norm. Then, there exist e > 0 such that, for infinitely 
many n, 

Thus, working with a suitable subsequence if necessary, we may assume 
that this is true for all n. 

Set Define, for and inductively as follows. 

• is the smallest integer greater than such that 

(This is possible since we know that each coordinate sequence tends 
to zero.) 

• Now choose to be the smallest integer greater than such 
that 

(This is possible since the sequence 

Now define as follows: 
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For mfc, 

otherwise. 

By varying fc over all positive integers, y3 will be defined for all positive 
integers j . Clearly Also 

Thus, 

which contradicts the weak convergence of to zero. Hence the 
result. 

Remark 5.1.1 The space being infinite dimensional, the weak and 
norm topologies are different. Nevertheless, we see from the preced
ing proposition that the convergent sequences for these topologies are 
the same. While two metric spaces which have the same convergent 
sequences are equivalent (i.e. their topologies are the same), two topo
logical spaces with the same convergent sequences need not be the same. 
This illustrates the inadequacy of considering just sequences in a general 
topological space. We also conclude that the weak topology on is not 
metrizable. 

Definition 5.1.3 Let V and W be Banach spaces and let 
be a linear mapping. We say that T is weakly continuous if T is 
continuous as a mapping from V into W, each space being endowed with 
its weak topology. 

Lemma 5.1.1 Let be a linear mapping. Then T is weakly 
continuous if, and only if, for every , the map is a 
weakly continuous map from V into R (or C, in case of complex Banach 
spaces). 

Proof: If T is weakly continuous, then, clearly its composition with any 
will also be weakly continuous. 
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Now let Let be open in R (or C). Then is weakly 
open in W, by definition. If is weakly continuous, we also have 
that is weakly open in V. But by the definition of the weak 
topology, every weakly open set in W is the union of finite intersections 
of sets of the form where U is open in R (or C) and 
Thus, it follows from the above that the inverse image of every weakly 
open set in W is weakly open in V, i.e. T is weakly continuous. 

Our final result in this section shows that as far as continuity of 
linear maps is concerned, the topology really does not matter. 

Theorem 5.1.1 Let V and W be Banach spaces and let be 
a linear map. then if, and only if, T is weakly continuous. 

Proof: Let If then the map and so 
is weakly continuous as well. Thus by lemma 5.1.1, it follows that T is 
weakly continuous. 

Conversely, if T is weakly continuous, since the weak topology is 
Hausdorff, it follows that the graph G{T) is closed when V x W is given 
the product topology induced by the weak topologies (cf. Lemma 4.4.1). 
But this is clearly the weak topology o f V x W (why?) and so G(T) is 
weakly closed in V x W and so is closed for its norm topology as well. 
The continuity of T (between the norm topologies of V and W) is now 
a consequence of the closed graph theorem. 

5.2 The Weak* Topology 

Let V be a Banach space. Then its dual space, V*, has its natural norm 
topology. It also is endowed with its weak topology, viz. the coarsest 
topology such that all the elements of V** are continuous. We now 
define an even coarser topology on V*. 

Definition 5.2.1 The weak* topology on V* is the coarsest topology 
such that the functionals are all continuous, where 

is the canonical imbedding ofV into V**. 

Clearly, the weak* topology is coarser than the weak topology on 
V*. Thus if S, W and W* denote the norm, weak and weak* topologies, 
respectively, on V*, we have 
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Remark 5.2.1 It is clear that if V is a reflexive Banach space, then the 
weak and weak* topologies on V* coincide. 

Proposition 5.2.1 Let V be a Banach space. The weak* topology on 
V* is Hausdorff. 

Proof: Let and be distinct elements of V*. Then, there exists 
such that Choose disjoint neighbourhoods 

of and of in E (or C, as the case may be). Then, by 
definition, the sets 

are both weak* open sets and are clearly disjoint and contain and 
respectively. This completes the proof. 

As in the case of the weak topology, we can describe the weak* 
open neighbourhoods of elements of V* as follows. Let I be a finite 
indexing set and let for i G J. Let Then, a weak* open 
neighbourhood of can be written as 

Notation: Let be a sequence in V*. If converges to in 
V* in the norm topology, we write If it converges to in the 
weak topology of V*, we will write, as before, If the sequence 
converges in the weak* topology of V*, we will write 

The proof of the following proposition is easy and is left to the reader 
as an exercise. 

Proposition 5.2.2 Let V be a Banach space and let {fn} be a sequence 
in V*. 
(i) in V* if, and only if, for every 

(ii) 
(iii) I and x then 

The next proposition shows that the functionals are 
the only ones which are continuous with respect to the weak* topology. 

Proposition 5.2.3 Let be a linear functional on V* which is contin
uous with respect to the weak* topology. Then, there exists x € V such 
that 



5.2 The Weak* Topology 141 

Proof: Let D be the open unit ball in R (or C, in case of complex Ba-
nach spaces). Since is weak* continuous, there exists a weak* neigh
bourhood of the origin in V*, say, U, such that Assume 
that 

where and for 1 < i < n. Thus, for e v e r y , we have 
that 

Assume that for some we have for all 1 < i < n. 
Then Further, for any real number k, we have that 
for all 1 < i < n and so as well. Thus, for all positive integers k, 

and so It then follows (cf. Exercise 3.17) that there exist 
scalars for 1 < i < n such that 

This proves the result with 

Corollary 5.2.1 A weak* closed hyperplane must be of the form 

where x G V and a is a scalar. 

Proof: For simplicity, we will assume that the base field is R. Since H 
is a weak* closed hyperplane, it is closed in the norm topology as well 
and so (cf. Proposition 3.2.1) there exists such that 

for some real number Let the complement of H. Since H is 
weak* closed, there exists a weak* open neighbourhood of the form 

(where and for of contained in Now, U 
is a convex set. Thus, it is easy to see that either for all 
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or for all Assume the former (the proof in the latter 
case will be similar). Let Then, 

and so g G W if, and only if, -g G W. Thus W = -W. Now, if 
for all it follows that 

for all g G W. Since W = — W, it then follows that 

for all g G W. Since we can always find such that 
for any , and since W is weak* open, it follows that is weak* 
continuous at the origin, and so, by linearity, weak* continuous every
where. Then, by the preceding proposition, for some 
This completes the proof. 

In a finite dimensional space, we have dim(V) = dim(V*) = dim(V**) 
and so the canonical imbedding is onto. Thus every finite 
dimensional space V is reflexive and the weak and weak* topologies on 
V* coincide. 

However, the above corollary shows tha t , in infinite dimensional and 
nonreflexive spaces, the weak* topology is strictly coarser than the weak 
topology. If then the hyperplane is a convex and 
(norm) closed set and hence is weakly closed but it is not weak* closed. 

One might wonder the purpose of impoverishing the norm topologies 
on Banach spaces and their duals to produce the weak and weak* topolo
gies. One important off shoot of this is process is that by decreasing the 
number of open sets, we increase the chances of a set being compact, 
which is a very useful and topological property. We saw, in Chapter 
2, that in infinite dimensional spaces, the closed unit ball cannot be 
compact. The ball becomes compact in the weak* topology. 

Theorem 5.2.1 (Banach-Alaoglu Theorem) Let V be a Banach 
space. Then, B*, the closed unit ball in V*, is weak* compact. 

Proof: Consider the product space 
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with the usual product topology inherited from R. This space is clearly 
compact since each bounded and closed interval in R is compact. Let 

Then, for each we have Thus, the 
map is a bijection from B* onto its image in X. 
If B is endowed with the topology induced by the weak* topology of V*, 
then the definitions of this topology and the product topology on X tell 
us that is a homeomorphism. We thus just need to show that 
is closed in X, which will prove and hence to be compact. 

Let Define, for The proof will 
be complete if we can show that is linear; since for all 
x G V, it will then follow that i.e. 

Let Then, given x and , we can find such that 

Proof: 

Thus, 

and, since e was arbitrarily chosen, we deduce that 

for every x and y G V. Similarly, we can show that if is a scalar and 
if 

Thus / is linear and the proof is complete. 

Lemma 5.2.1 Let V be a Banach space and let 
Let be scalars. Then, the following are equivalent: 
(i) For every there exists with and such that 

for all 1 < i < n. 
(ii) For all scalars we have 
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which implies that 

from which (ii) follows, since we can choose e > 0 to be arbitrarily small. 

which implies that 

which contradicts (ii). This completes the proof. 

Proposition 5.2.4 Let V be a Banach space. Let B be the closed unit 
ball in V and B** the closed unit ball in V**. Let be the 
canonical imbedding. Then, B** is the weak* closure of J(B) in V**. 

Proof: Since B** is weak* compact, it is weak* closed. Let 
Consider a weak* open neighbourhood of of the form 

Then, by the preceding lemma,there exists such that 
Thus U intersects J(B) and this shows that J{B) is weak* dense in B 
which completes the proof. 

where and , 1 < i < n. Let Then, 
for scalars we have, 

(ii) (i). Let (the proof when the scalar field 
is C is similar). Define by We 
then need to show that where B is the closed unit ball in V. If 
not, by the Hahn-Banach theorem, we can find scalars A and 
such that, for every x € B, 
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Remark 5.2.2 Let V be a Banach space. Since the map is 
an isometry, it follows that J(B) is closed in the norm topology of V**. 
Thus, either J(B) = B**, which is true if, and only if, V is reflexive, or 
J(B) is a closed and proper subset of B**. Thus, in the non-reflexive 
case, J{B) is not dense in B** for the norm topology. 

5.3 Reflexive Spaces 

Let us recall that a Banach space Vis said to be reflexive if the canonical 
imbedding is surjective (cf. Definition 3.1.1). We also saw 
that the spaces for 1 < p < oo are examples of reflexive spaces while 
l\ is not reflexive. In Chapter 7, we will see that every Hilbert space is 
reflexive. 

In this section, we will study some important properties of reflexive 
spaces. 

Notation: Given a Banach space V, we will denote the closed unit balls 
in V,V* and V** by B,B* and B**, respectively. 

Theorem 5.3.1 A Banach space V is reflexive if, and only if, B is 
weakly compact. 

Proof: Assume that B is weakly compact. Since is an 
isometry, it is continuous and hence weakly continuous as well (cf. Theo
rem 5.1.1) and so J(B) is weakly compact. Hence it is weak* compact as 
well. The weak* topology being Hausdorff, it follows that J(B) is weak* 
closed. But then (cf. Proposition 5.2.4) it follows that J(B) = B**. This 
immediately implies that J is surjective, i.e. V is reflexive. 

Conversely, let V be reflexive. Then the weak and weak* topologies 
on V* coincide. Hence, by the Banach-Alaoglu theorem, B* is weakly 
compact. Then, by the preceding arguments, it follows that V* is reflex
ive. Then, just as we saw earlier, it follows that B** is weakly compact. 
Since V is reflexive, we have Also, since 
is continuous, it is weakly continuous as well and so B is weakly compact. 

Corollary 5.3.1 Let V and W be Banach spaces and let 
be an isometric isomorphism. Then, if V is reflexive, soisW. 
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Proof: Let Bv and be the closed unit balls in V and W, respec
tively. Since T is an isometric isomorphism, we have that 
Now, T being continuous, it is weakly continuous as well. Since V is 
reflexive, we have that By is weakly compact and so is 
also weakly compact, which implies that W is reflexive. 

Corollary 5.3.2 Let V be a reflexive Banach space and let W be a 
closed subspace of V. The W is also reflexive. 

Proof: It is easy to see that the weak topology on W is none other than 
the topology induced on W by the weak topology of V (cf. Exercise 5.1). 
Since V is reflexive, it follows that B is weakly compact. The unit ball 
in W is none other than But W being a closed subspace, it is 
weakly closed and since B is weakly compact, it follows that is 
weakly compact as well. Thus, it follows that W is reflexive. 

Corollary 5.3.3 Let V be a Banach space. Then, V is reflexive if, and 
only if, V* is reflexive. 

Proof: We already saw in the proof of Theorem 5.3.1 that if V is 
reflexive, then V* is reflexive. 

Conversely, let V* be reflexive. Then, as before, V** is reflexive. 
Now, J(V) is a closed subspace of V** and so, by the preceding corollary, 
it follows that J(V) is reflexive. But then is an 
isometric isomorphism and so V is reflexive by Corollary 5.3.1. 

Corollary 5.3.4 Let V be a reflexive Banach space. Let K C V be a 
closed, bounded and convex subset. Then, K is weakly compact. 

Proof: Since K is bounded, there exists a positive integer m such that 
Then, since K is convex and closed, it is weakly closed and 

since is weakly compact, it follows that K is weakly compact. 

Proposition 5.3.1 Let V and W be Banach spaces, with W being re
flexive, and let be a linear transformation which is 
closed and densely defined. Then A* is also densely defined. 

Proof: Let which vanishes on D(A*). It suffices to show that 
Since W is reflexive, there exists y € W such that 

for all v € W*. Thus, we need to show that y = 0 given that < 
for all If not, then ( the graph 
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of A. Since G(A) is closed, by hypothesis, there exists 
such that 

(5.3.1) 

for all and such that by virtue of the 
Hahn-Banach theorem (cf. Corollary 3.2.1). It follows from (5.3.1) that 

which then implies that which is a contra
diction. 

Thus, in the circumstances of the above proposition, we can define 
the second adjoint A** = (A*)* from V** into W**. If we now assume 
that both V and W are reflexive, then we can identify V with V** and 
W with W** via their respective canonical mbeddings. In this case, we 
will then have 

Theorem 5.3.2 Let V and W be reflexive Banach spaces and let A : 
D(A) be a closed and densely defined linear transformation. 
Then, A** = A. 

Proof: It suffices to show that the graphs G{A) and G(A**) are the 
same. Recall that if we define 
(-f,v), we then have (cf. Proposition 4.7.2). Then 

Thus, consists of all 
such that 

for all This is equivalent to saying that v G D(A**) and 
that Thus, 

since G(A) is closed and this completes the proof. 

5.4 Separable Spaces 

In this section, we will study the relationship between separable spaces 
and weak topologies. 

Definition 5.4.1 A topological space is said to be separable if it con
tains a countable dense set. 
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Proposition 5.4.1 Let V be a Banach space. If V* is separable, then 
so is V. 

Proof: Let be a countable dense set in V*. Choose {xn} in V such 
that 

Assume, for simplicity, that the base field is R. Let W be the linear 
subspace generated by the sequence and let W0 be the set of all 
finite linear combinations of the with rational coefficients. Then 
W0 is countable and it is dense in W. So it suffices to show that W is 
dense in V. Let which vanishes on W. We need to show then 
that vanishes on all of V (i.e. f is identically zero). Let Then, 
there exists such that by the density of the Since 

we have 

Thus, 

from which it follows that / = 0 since e was arbitrarily chosen. 

Example 5.4.1 The converse of the above proposition is not true. We 
know that While is separable (the set of all sequences with 
only a finite number of non-zero components, all of which are rational, 
forms a countable dense set of is not separable. To see this, we 
prove that no countable set in can be dense. Indeed, let be a 
countable set in where Define by 

Then and for all n. Thus cannot be dense 
in 

Corollary 5.4.1 Let V be a Banach space. Then V is both separable 
and reflexive if, and only if, V* is both separable and reflexive. 

Proof: If V* is both separable and reflexive, then so is V. Conversely, if 
V is separable and reflexive, so is J(V) = V**, where J is the canonical 
imbedding of V into V**. Thus, it now follows that V* is separable aad 
reflexive. 
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Theorem 5.4.1 Let V be a Banach space. Then, V is separable if, 
and only if, the weak* topology on B*, the closed unit ball in V*, is 
metrisable. 

Proof: Assume that V is separable. Let be a countable dense set 
in V. We may assume, without loss of generality, that for all n 
(why?). For and , define 

(5.4.1) 

It is easy to check that d(.,.) is well defined and that it defines a metric 
on B*. Let U be a weak* open neighbourhood of of the form 

where and for . Since is dense, there exists 
such that for each Now choose r > 0 

such that 

Consider the ball in B* provided with the metric defined in 
(5.4.1). If belongs to this ball, i.e. then for each 1 < i < 
k, we have 

Thus C U and so every weak* open set is also open in the 
metric topology. 

On the other hand, consider a ball Consider the weak* 
open neighbourhood of given by 

Choose e < r /2 and A; such that 
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If then 

Thus, which shows that every open set in the metric 
topology is also weak* open. Thus, the weak* and the metric topologies 
on B* are the same. 

Conversely, assume that the weak* topology on B* is metrisable. 
Consider, for each positive integer n, the ball where d is the 
metric defined on B*. This ball then contains a weak* open neighbour
hood of zero, say which can be written in the form 

where and is a finite set in V. The set 

is then countable and the set E of all finite rational linear combinations of 
the elements of D is a countable set which will be dense in the subspace 
generated by D. If is such that f(x) = 0 for all x in the subspace 
generated by D, then clearly, for each n. Thus, 

Thus the subspace generated by D is itself dense in V and so the count
able set E is also dense in V and hence V is separable. 

This completes the proof. 

Corollary 5.4.2 Let V be a separable Banach space. Then, every boundec 
sequence in V* has a weak* convergent subsequence. 

Proof: A bounded sequence in V* is contained in some ball, which is 
weak* compact. Since V is separable, the weak* topology on this ball 
is metrisable and so the ball is weak* sequentially compact as well. 

In a metric space compactness and sequential compactness are equiv
alent (cf. Proposition 1.2.6); this is not true in a general topological 
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space. Thus a sequence in a compact topological space may fail to have 
a convergent subsequence, as the following example shows. 

Example 5.4.2 Consider the space Define 

for Then clearly and, further, 
for all n. The unit ball in is weak* compact, by the Banach-Alaoglu 
theorem. Assume, if possible, that there exists a weak* convergent sub-
sequence for this sequence. This, in view of Proposition 5.2.2 
(i), imples that is convergent for every which 
is clearly absurd. Thus cannot have any weak* convergent subse
quence, eventhough it lies in a weak* compact set. 

Example 5.4.3 We know that (cf. Exercise 3.7) and that 
Consider the sequence {en} in where is the sequence 

whose n-th entry is unity, all other entries being zero. If this sequence 
has a weakly convergent subsequence, then the weak limit has to be zero. 
To see this, fix a positive integer . Then and so if we have a 
subsequence weakly converging to it follows that 

Thus for all l, i.e. x = 0. But if converges weakly in 
, it also converges in norm by Schur's lemma (cf. Proposition 5.1.5) 

and so this subsequence should converge in norm to zero which is im
possible, since for all n. Thus has no weakly convergent 
subsequence in But since is separable and so is also separable 
(cf. Proposition 5.4.1) and, by the preceding corollary, must have 
a weak* convergent subsequence. In fact, if we have 

which converges to zero. Thus weak* converges to zero. Thus the 
weak and weak* convergent sequences in are not the same (while its 
norm and weakly convergent sequences are the same). 

Theorem 5.4.2 Lei V be a reflexive Banach space. Then every bounded 
sequence has a weakly convergent subsequence. 
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Proof: Let be a bounded sequence in V. Let 
i.e. the smallest closed subspace containing the sequence in question. 
Then, W is also reflexive and, by construction, it is separable (why?). 
So W* is also reflexive and separable. Then, every bounded sequence in 
W** has a weak* convergent subsequence and since W** is also reflexive, 
the weak and weak* topologies are the same. In particular, has 
a weakly convergent subsequence in W**, where is the 
canonical imbedding, and since J - 1 : W** —> W is an isometry and 
hence weakly continuous, {xn} has a weakly convergent subsequence in 
W. Since the weak topology in W is the topology induced on W by the 
weak topology on V (cf. Exercise 5.1), it follows that this subsequence 
converges weakly in V as well. 

Remark 5.4.1 The converse of the above theorem is also true and it is 
a deep result due to Eberlein and Smulian: if every bounded sequence 
admits a weakly convergent subsequence in a Banach space, then the 
space is reflexive. 

5.5 Uniformly Convex Spaces 

We know that the unit ball in a normed linear space is convex. How
ever, the nature of the boundary of this ball depends on the norm. For 
instance, in R2, with the euclidean metric the unit ball is 
a very symmetric object which 'bulges uniformly' in all directions. On 
the other hand, if we consider R2 as or as then the unit ball will 
be, the rhombus bounded by the lines or the unit 
square, respectively. In both these cases, the boundary has a lot of 'flat' 
portions. Uniform convexity makes precise the notion of the boundary 
'bulging uniformly' in all directions. This is a condition describing the 
'geometry' of the norm, but has an important 'analytic' consequence, 
which will be the main theorem of this section. It also has important 
consequences in the calculus of variations, which we will see in the next 
section. 

Definition 5.5.1 A normed linear space is said to be uniformly con
vex if for every there exists a S > 0 such that whenever we have 
x and y € V satisfying 
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it follows that 

(5.5.1) 

If and , with e sufficiently small, we see 
that 

where 

Remark 5.5.1 When N = 2, the relation (5.5.1) is the familiar paral-
lellogram law or Apollonius' theorem in plane geometry. The relation 
(5.5.1) is also valid for the space £2 and so £2 is also uniformly convex. 
In fact, we will see, in Chapter 7, that this relation is valid in any Hilbert 
space and so every Hilbert space will be uniformly convex. 

In other words, given two points on the boundary which are at a 
distance of e from each other, then, irrespective of the position of these 
points, the mid-point of the chord joining them should lie in the interior, 
at a minimum distance away from the boundary, the minimum distance 
being prescribed uniformly. 

Uniform convexity is stronger than the notion of strict convexity (cf. 
Exercise 3.2). 

Example 5.5.1 The spaces and are not uniformly convex. In 
fact, they are not even strictly convex. 

Example 5.5.2 The space is uniformly convex. Let x and . 
Then it is easy to verify that 

Remark 5.5.2 We will see in Chapter 6, that a relation similar to 
(5.5.1) is also valid for the spaces and whenever 
(cf. Proposition 6.2.1) and so all these spaces are uniformly convex. A 
similar inequality also holds for 1 < p < 2 but the proof is more difficult. 
Thus, all these spaces are uniformly convex. 
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Theorem 5.5.1 Let V be a uniformly convex Banach space. Then V 
is reflexive. 

Proof: If is the canonical mapping, it is enough to show 
that the image of the closed unit ball B in V under J is the closed unit 
ball B** in V**. Since V is a Banach space, J{B) is a closed set in V** 
and so it suffices to show that it is dense in B** (cf. Remark 5.2.2). 

Let Assume that . We will show 
that there exists x € B such that 

The same will then be true for all elements of B** as well (why?). 
Let correspond to e in the definition of uniform convexity. 

Choose , with and such that 

(5.5.2) 

Define 

Then U is a weak* open neighbourhood of in V**. Since J(B) is 
weak* dense in B** (cf. Proposition 5.2.4), it follows that there exists 
x e B such that J(x) € U. 

Assume now that In other words, 
Since is weak* compact (by the Banach-Alaoglu theorem), 

it is weak* closed and so is its translation by J(x). Thus, there exists 
a weak* open neighbourhood of such that for all we still 
have Again, as before, there exists such that 

the weak* density of J{B) in B**. Thus, 

and so 

By virtue of (5.5.2), it follows from the above that 
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which contradicts the uniform convexity since and so 

Hence, by uniform convexity, if is an arbitrary number, we must 
have for n sufficiently large. This proves that and 
hence that in V as already observed. 

Thus we have 

while | Thus, it follows that which 
shows that J(B) is dense in B** as already observed. 

Remark 5.5.3 The converse of this theorem is not true. A reflexive 
space need not be uniformly convex. For instance, is not uniformly 
convex, but since it is finite dimensional, it is reflexive. 

Proposition 5.5.1 Let V be a uniformly convex Banach space. Let 
V. Assume that 

(5.5.3) 

Then in V. 

Proof: We already know that (cf. Proposition 5.1.2 (iii)) 

Thus, by (5.5.3) and (5.5.4), we deduce that If x = 0, 
this completes the proof. Assume now that Then, from the 
convergence of the norms, we deduce that (for large n), Set 

and Observe then that, by hypothesis and 
the convergence of the norms of it follows that in V. The 
proof will be complete if we show that 

Since we have 
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5.6 Application: Calculus of Variations 

In this section, we will apply the results of the preceding sections to 
obtain some important results in the calculus of variations, which can 
be described as the theory of optimization in infinite dimensional spaces. 

Proposition 5.6.1 Let V be a reflexive Banach space and let K c V 
be a non-empty, closed and convex subset Let be a convex 
and lower semi-continuous function. Assume further that 

This completes the proof. 

Remark 5.6.1 The condition (5.6.1) is usually called the condition of 
coercivity of the function(al) ip. Thus, a coercive, convex and lower semi-
continuous functional defined on a non-empty, closed and convex subset 

(5.6.1) 

Then, attains a minimum in K. 

Proof: Fix and let Set 

Since is lower semi-continuous and convex, it follows that K is closed 
and convex. Further, by (5.6.1), it follows that K is bounded as well. 
Thus, K is weakly closed (cf. Proposition 5.1.4). Now, let {xn} be 
a minimizing sequence in K for i.e., Then, 
since the sequence is bounded and since V is reflexive, it has a weakly 
convergent subsequence, say, converging weakly to some 
But since K is weakly closed, we have Further, by the lower 
semi-continuity and convexity of it follows that is also weakly lower 
semi-continuous (cf. Corollary 5.1.1) and so 

Thus, 

If then so that 
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(5.6.3) 

of a reflexive Banch space always attains a minimum. The method of 
proof used above is usually known as the direct method of the calculus 
of variations. A minimizing sequence is shown to have a convergent 
subsequence (in a suitable topology) and the limit is shown to be the 
desired minimum. 

Remark 5.6.2 In the proof of the preceding proposition, the coercivity 
condition was really needed only when K was not bounded. 

In a metric space, the lower semi-continuity of a function is equiv
alent to the condition that if then 

(5.6.2) 

However, in a general topological space, the lower semi-continuity im
plies the above relation but the converse is not true. A function which 
satisfies the above relation for all convergent sequences is called sequen
tially lower semi-continuous. In the context of the weak topology, we can 
thus say that is weakly sequentially lower semi-continuous 
if whenever in V, we have that (5.6.2) is true. Thus, the pre-
ceding proposition holds even when is only weakly sequentially lower 
semi-continuous, since the coercivity condition would imply that every 
minimizing sequence is bounded and the rest of the proof follows as be
fore. 

The following result is an immediate consequence of the preceding 
proposition. 

Theorem 5.6.1 Let V be a reflexive Banach space and let K be a closed 
convex subset of V. Then, for any there exists y € K such that 

Further, if V is also uniformly convex, then such a y is unique. 

Proof: The functional is clearly coercive, convex and 
weakly lower semi-continuous. Thus the existence of y follows from the 
preceding proposition. Assume that V is uniformly convex. Assume 
that there exist such that 
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Let us assume that Then 

for some 6 > 0. Since K is convex, we have and so the 
above relation contradicts the minimality of and Thus it follows 
that and the proof of the uniqueness is complete. 

Example 5.6.1 In general we have non-uniqueness of the minimizer 
for the problem (5.6.3) if the space is not uniformly convex. Consider 
the space (which is R2 with the norm It is reflexive since it 
is finite dimensional, but it is not uniformly convex. Consider the set 
K = .B, the closed unit ball in which is a closed and convex set. Let 
x = (1,1). Let Then, 

If V were not reflexive, then we can guarantee neither the existence, 
nor the uniqueness. 

5.7 Exerc i ses 

5.1 Let V be a Banach space and let W be a closed subspace of V. 
Show that the weak topology on W is the topology induced on W by 
the weak topology on V. 

5.2 Let V be a Banach space and let W be a subspace of V. Show that 
the closure of W under the weak topology coincides with the closure 

Then, by the uniform convexity, we have that 

However, if then, for all such points y = (a, b), 
we have 

Thus we have uncountably many y which satisfy (5.6.3). 
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of W in the norm topology. 

5.3 Let V be a Banach space and let W be a subspace of V. Show that 
is weak* closed. 

5.4 Let V be a Banach space. Show that V with its weak topology and 
V* with its weak* topology are both locally convex topological vector 
spaces (cf. Remark 3.2.2). 

5.5 Use the preceding exercise and Remark 3.2.2 to show that if V is a 
Banach space and if W is a subspace of V*, then the weak* closure of 
W is (Compare this with Exercise 3.9.) 

5.6 Let V be a Banach space. 
(a) Show that in V if, and only if, 
(i) is bounded and (ii) for all where S is a 
subset of V* whose span is dense in V*. 
(b) Show that in V* if, and only if, 
(i) is bounded and (ii) for all where is a 
subset of V whose span is dense in V. 

5.7 Let Let and be elements of . Show 
that in if, and only if, for every positive integer j . 

5.8 Let V and W be Banach spaces and let be a linear map. 
Show that the following are equivalent: 
(i) If in V, then in 
(ii) If inV, then in W. 
(iii) If then in 

5.9 Let V and W be Banach spaces. Let one of them be provided 
with the norm topology and the other with the weak topology. Let 

be a linear map. Show that T is continuous if, and only if, 

5.10 Define as follows: let and 

Show that If B is the closed unit ball in CQ, show that 
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(a) Show that K is a closed and convex subset of V. 
(b) Show that 

(c) Show that K does not admit an element with minimal norm. 
(d) Deduce that C[0,1] is not reflexive. 

5.16 Let V be a reflexive real Banach space and let 
be a continuous bilinear form (cf. Example 4.7.4). Assume that a(.,.) is 
V-elliptic (or, coercive), i.e. there exists such that, for all x € V, 

Let x € V. Define by 

(a) Show that for every x eV. 
(b) Show that 
(c) Show that for every x € V, 

T(B) is not closed in 

5.11 Let V be a reflexive Banach space. If W is a Banach space and 
if show that T(B) is closed in where B is the closed 
unit ball in V. 

5.12 Show that does not contain an infinite dimensional subspace 
that is reflexive. 

5.13 Let Show that is separable. 

5.14 Show that C[0,1] is separable. 

5.15 Let V = C[0,1] and let K C V be defined by 
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(d) Show that is surjective. 
(e) Deduce that, for every , there exists a unique such that 

(5.7.1) 

for all y 6 V. 

5.17 In the preceding exercise, assume further that a(.,.) is symmetric 
i.e. for all x and Let . Define, for 

(a) For any closed convex subset K C V, show that there exists x € K 
such that 

(5.7.2) 

(b) Show that satisfies (5.7.2) if, and only if, 

(5.7.3) 

for every y € K. 
(c) Show that the solution x € K of (5.7.3) (and hence, that of (5.7.2)) 
is unique. 
(d) If K is a closed convex cone (cf. Definition 3.4.1), show that the 
solution x € K of (5.7.3) is characterized by 

for all 
(e) If K = V, show that the solution of (5.7.3) is the solution of 
(5.7.1). 


